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Bird’s eye view

e code CFTs:: constructing (interesting) theories from
codes

Dolan, Goddard, Montague, hep-th/9410029
AD with Shapere, 2009.01236, 2009.01244

o TQFTs describe (abelian) anyons, e.g. toric code
state of 3d Chern-Simons = CFT conformal block

e holographic correspondence: 2d CFT= 3d bulk theory

bulk gravity= ensemble of boundary theories



Example: compact scalar CET

compact scalar of radius R

e 2d CFT on a torus
s= [#zloo?. o~o+R

e even self-dual lattice A of moments and windings

p(z+1) =¢(2) +nR,  ¢(z+7)=¢(2) + mR
-~ n  mR . n  mR
pL—§+7, pR_E_T

o CFT is defined by A C R™"



Classical additive codes and lattices

exampole: binary additive code C = a collection of
“codewords,” vectors of length n with elements in Z,

c=(ay,...,ap) €C, a; € {0,1}
Construction A: code-based lattices
Ac = {v/V2|vmod?2 € C}

codewords ¢ € C — vertexes of the unit cube

a good code: include as many codewords as possible,
while keeping them as distinct as possible

Hamming [8,4,4] codes — root lattice Fy



Codes and lattices
N~

@ binary codes — lattices /‘

placing unit cubes at each even coordinate points

_9

A(C) = {v/V2|v mod 2 € C}

Construction A
o double-even code — even lattice

o self-dual code — self-dual lattice



Codes and lattices
o Construction A

o




Code controls the CFT spectrum

o CFT partition function o lattice theta-function

Ze = On) /"
e code enumerator polynomial
Oacy = Wel(¥.)

U, — partial sums over sublattices (Jacobi theta)

@ modular properties of Z from W
enumerator —  theta-function —  partition function

modular invariance: MacWilliams identity of W



Code CFTs and modular bootstrap

codes with larger Hamming distance —
CFTs with larger spectral gap

@ solutions to modular bootstrap, isospectral theories
with Shapere 2009.01236, PRL 126 (16), 161602

o fake Z
with Kalloor 2211.15699, JHEP 2023 (6), 1-29.

e linear programming bounds for codes, sphere packings,
and CFTs

AR




Holography vs CS/RCFT

e holograohy: bulk=boundary

Zorr = VYhuk, or  (Zerr) = Yhulk
e CS/RCFT: Chern-Simons wavefunction = RCFT
conformal block
Xi =¥
e holography requires gauging (certain) symmetries —
condensing (certain) anyons

Zorr = Y45 MijxiX; M = 7'4%{5

M;; is a sufrace operator



Example: Kitaev's toric code
ground state of toric code = 2 qubits

e ¢, m and f anyons

e closed loops = Wilson line operators

e = ZQI m=I1I7
e = I®X m=XQI

e e or m but not f can be condensed



Anyon condensation = stabilizer CSS code

e e condenses = any loop of e acts trivially

e=7ZQ1 e=1®X
U, = (|00) + [01))/v2

e V. and VU, are (the only) modular invariants

ZR/\/E(T) = Ue(r), Z\/iR(T) = Uy (1)

e holographic duality: compact scalar CFT=abelian TQFT
after anyon condensation



The same in Chern-Simons language

e ground state physics of toric code = AB Chern-Simons

S:l/A/\dB
2

e arbitrariness of b.c.

AizﬂAiﬁ

v2© R

e after gauging e resulting 3d theory is topologically trivial

S:l/A/\dB
47

B,  W(AT, A7)



General case
o U(1)" x U(1)™ Chern-Simons theory

1 Lo
:/ K (A, dA)
47T M

e K is the Gram matrix of even lattice Ag C R™"
Wilson lines are labeled by

S

ce 2 =Aj/A\o
e Wilson lines wrapping ¥ = M act as “Pauli” matrices
W[Caa Cb]\I’c’ = ezﬂi(ca’d)\l’cbﬁ-c’

toric code: Ag = (\/§Z)2, D =Ty X Ly, c = (a,b), |c|* = 2ab



Even codes = condensable anyons

e anyone is condensable = Wilson loop W, has trivial
braiding

lc|?/2 = 0mod 2

toric code: (0,1) and (1,0) are even, but (1,1) is not

e condensable anyons (non-anomalous subgroup) = even
code

e maximal (Lagrangian) subgroup = even self-dual code

e condensation of C anyons — CS with even self-dual A¢
Ac={c+uv|cel, vely}

e holography: code CFT = boundary theory of A¢z CS
2310.06012, 2310.13044



Condensation process as a quantum code

e anyons ¢ € C condense = Wilson loops W, are trivial
projector on trivial space

Z > Wica, W0, 5] = [Te) (]
cqa €C cpeC

CSS symplectic code C & C
e code CFT parition function W = stablizer state of C & C

e proector F¢ is a surface operator in 3d TQFT




Ensemble holography

e gravity in the bulk = ensemble of boundary CFTs

averaging over Narain moduli space is holographically
dual to “U(1)-gravity” — a sum over 3d topologies of
(the pertubative part of) U(1)™ x U(1)™ Chern-Simons

Maloney-Witten 2020
Afkhami-Jeddi, Cohn, Hartman, Tajdini '2020

(Zorr) < > !

2n
st Ml

e bulk wormhole geometries



Ensemble of code CFTs

ensemble of code CFTs (ensemble of maximal gaugins
of 3d TQFT) = “TQFT gravity” (sum over topologies)

ZZCEZ\IIC o Z ~v(Wp)
C C

vyESL(2,Z)
2310.06012: codes over Z, X Z,, reproduces
“U(1)-gravity” in the limit of p — oo
extention to arbitrary genus ¥, in progress
extention to arbitrary ensemble of codes, covers all

examples of “Narain CFT ensemble/CS gravity” in the
literature



What is topology?

wave-function of CS on a handlebody with shrinkable
a-cycle

e example: toric code
e=7ZQ@1 m=1I®~7

o general case: ¥, = Uy = |00) is a stabilizer state
Swingle 2016
e quantum CSS code ¥ & Z*

1
P, = — Z W[Ca,O] = ’\IIO><‘I]0|
’@’ Ca€D



Ensemble holography for toric code
toric code Pauli group generators

e = ZQI m=1I1~7
e = I®X m=X®I
o code CFT states

W, = (]00) + [01))/v/2, W, = (|00 + [10))/v2
e topologies

W, =00), W, = (]00) + [10) 4 [01) + |11))/2.
Yoy = (100) +[10) 4 101) —[11))/2

e holograpy

\Ile + \Ijm - (\Ija + \Ilb + \Ila+b)/\/§



Ensemble holography and Howe duality
e Z, analog of toric code (Z, AB gauge theory)
Ao =+/pI CR™, D= (Zpx ZLp)"

e Hilbert space H on torus = 2n qupits
e Hilbert space on genus g Riemann surface

W =He  H
e “Clifford” group preserving “Pauli” group of Wilson Ls.
Sp(292n,Zy,) D O(n,n, Zy) x Sp(29, Zy)

O(n,n,Z,) maps (classical) codes C into codes
Sp(2g, Zy) modular group of ¥

Z \I/goc (&8 Z ’Y(\Ilg)

O(n,n) yE“Sp(2g)”



Conclusions

codes encode condesable anyons in 3d abelian CS

give rise to code CFTs via anyon condensation

mathematical relation between coding theory and CFTs
holographic duality: ensemble of codes = “CS gravity”
extension beyond Narain theories?

connection between codes and non-invertible
symmetries, non-abelian TQFTs

ensemble holography for various anyon condensation:
Virasoro TQFT, JT gravity, etc.



